
EXAMPLE 9 Where are the following functions continuous?
(a) (b)

SOLUTION
(a) We have , where

Now is continuous on since it is a polynomial, and is also continuous every-
where. Thus, is continuous on by Theorem 9.

(b) We know from Theorem 7 that is continuous and 
is continuous (because both and are continuous). Therefore, by
Theorem 9, is continuous wherever it is defined. Now 
is defined when . So it is undefined when , and this hap-
pens when . Thus, F has discontinuities when x is an odd mul-
tiple of and is continuous on the intervals between these values (see Figure 7).

An important property of continuous functions is expressed by the following theo-
rem, whose proof is found in more advanced books on calculus.

The Intermediate Value Theorem Suppose that is continuous on the closed
interval and let be any number between and , where

. Then there exists a number in such that .

The Intermediate Value Theorem states that a continuous function takes on every
intermediate value between the function values and . It is illustrated by
Figure 8. Note that the value can be taken on once [as in part (a)] or more than once
[as in part (b)].

If we think of a continuous function as a function whose graph has no hole or
break, then it is easy to believe that the Intermediate Value Theorem is true. In geo-
metric terms it says that if any horizontal line is given between and

as in Figure 9, then the graph of can’t jump over the line. It must intersect
somewhere.

It is important that the function in Theorem 10 be continuous. The Intermediate
Value Theorem is not true in general for discontinuous functions (see Exercise 34).

One use of the Intermediate Value Theorem is in locating roots of equations as in
the following example.
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